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Some Elliptic Function Formulae. 

By Thomas Craig, Johns Hopkins University. 



On page 102 of Prof. Cay ley's Treatise on Elliptic Functions occur the 

formulae for the differentiation of sn u , cnu, dn w with respect to the modulus 

Tc; these are 

d sn w h , P „ , . h „ 

= — -p en u an u I en"* u du -\- -p sn u car u , 

d cnu k , /*<>, & ■> 

■ „ = -p sn u dn i* y en 18 m cwt — psrwcnw, 

„ =7^sn«cnM/ en 8 mm — ^stfMdntt. 

The following three forms for-these differential coefficients may be obtained 
from these equations, or they may be obtained directly in a slightly different 
manner. The formulae may have been given before, but I do not remember to 
have seen them ; they are, however, sufficiently interesting to make a note of 
them here. Starting with the relation 

d , , ,„ sn u cnu 

~r- log dn u = — Ar — ^ , 

du anu 

drop the factor — W and differentiate this a second time ; we have thus on 
reduction, 

d sn u en u 





du dn u "' dn 2 u 


Subtr 


act this from en 2 u and we have 




d snu cnu .. en 2 u 




du dn u cur u 


or 






9 (1 snttcnu 1d % sn 2 w . 

en* « — 3 3 = -=-5 — > 

aw dn w dn" 5 w 
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and on integration 

But 

/ en 2 u cki=zu — / sn 2 u du = 

1 iff{u) f. E\\ 1 i/E ,,A #'(• 

Assume now <£> = am u and write 

Jo a/1 — , 



M : 



\/l — F sn 3 ^> 

then 

cfo /* & sn 3 <pdf 

~dk ~Jo (1 — pBnV)2 ' 

or 

dto /*& sn 2 m dw 

d& */ o <Jn 2 u 

Equation A now becomes 



sn u en m 



dnw 
Now 

d sn u t du 

■■ „ =s — cnwclnM - n - : 
a« dk 

d en w , dw 

-^r = snwdn ^' 

d dn w 7 „ dw 

= Ar sn it en u -=- j 



dk dk 

- -u 

dk 



(111 

substituting from A' for -^ we have the following formulae 
d sn u — 1 



dk 



= -TT^-cnt* duu] {-== — Ar )u-f- - .,, . V + -rr 9 mu cwu, 
kW (\K / 0(u) ) kr 



ddnw k ( / 'E 7 ,„\ ^(«)) & 8 sn 3 wcn 3 w 



- = ~rw sn u 



™{G-»>+*$\ + 



dk y v. .K" 7 ' »r«) ' p dn 
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By means of the formulae 

sn M = r^ {K '~ %iu) ~ © (u + iK') -*- © (u) 

cnu = e~^ iK '~ iiu) ^/J (u + K+ iK 1 ) -3- 0) 

dn m = VI 7 © (u + iT) -s- (u) , 
these may be written in the forms 

* &W^ "' #» ~" ~ (Vis: / t e(«){ 

6 * k^W 6\u) 

B , dcni^ . j 6(u+K)6(u + iK) \/E \ 9 (u)} 

dk M^W 0» \\K ) ^ 0{u)\ 

^x/F &{u + iK>) 6(u + K+ %K') 
6 k 1 0>) 



d dnu 



— — f- » ^(tt + t^e^+g+tg)^^ 



e 



dk ' y^y e\u) 



_ ¥ ^{^ + JK')e % {u-J r K + iK') 
e *k'^W d(u + K)6\u) 



where for brevity * is written to denote ~(K' — 2iu). 

Substituting in equation A the value of f en 2 u du we have 



snu cnn 



y % dn u 

We can easily find eight other relations of this character, i. e. we can get 
the group of nine integrals, 

1 , /»cn 2 w , - /»dn 2 M 



/l , /*cirw 7 « /»dirw n 

— t- du , I — 5— du, I — =— du , 

sirw «/ sirw «/ sirw 

/sn 2 w 7 /» 1 7 /»dn 3 tt 7 

—z—du , I — r— du , I —j—du , 

caru J crru J warn 

/sn a w /»cn 2 « /* 1 

ass* 1 ' Jdu^^' ./a? 



dn 2 M 
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These together with 

/ sn 8 u du , / en 2 u du , I dn 3 u du 

make a series of twelve integrals of which the differential coefficients relatively 
to u are the squares of the twelve quantities 

sn u , en u , dnu 
1 en u dn u 



> > 



sn u sn u sn u 

p sn u 1 dn u 

cntt en u en u 

snu en % 1 



-s 



dnw dnw dnw 

whose integrals with respect to u have been given by Mr. J. W. L. Grlaisher in 
the B. A. Report for 1881. We easily find the following values ; 

1 ,„ „ d cnu dnu 

• = Jtr m* u = ■■ > 



sn 2 w du snu 

en 2 u -, „ d en u dn u 

-^r— = 0.^ U — ^ — 1 



du sn U 
dn 2 u ,, „ ,„ d cnu dnu 

—5— = Jr sir u — fr — =- 

en* u du snu 

1 ( i . d sn u dn « ) 



F F 2 1 + 2& 2 d sn it dn w 

1+T 2 + r+l 2 * 811 " + T+W du cnu ' 



dn 2 w ,„ „ , rf snwdiiM 

— — - = W sn 8 «* + 1 > 

en ij. em en u 

sn 8 it 1 „ , 1 rf sn« en u 

= -r-r en" u dn ■ — ■ 



dn a it V % li n du dnw 

d snu en u 



= Sli^U + 



dn 2 w du dnu 

1 1 IP „ A 2 e? sn t« en w 



sn* w — 



dn 2 w tt z 1t^ M* du dnu 

The integrals of these quantities are dependent then upon the integral of 
sn 3 u. Taking no account of signs or numerical factors we see that in the first 
group of three equations, which has as the denominator on the left-hand side the 

Vor,. v 



/ 
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d 2 
quantity sn 2 u, the exact differential is -=-g log sna; in the second group where the 

d 2 
corresponding denominator is en 2 u the exact differential is -5— a log en u ; and also 

d 2 
in the third group with denominator dn 2 w the differential is — 2 log dnw. The 

complete set of integrals is 

/du (A, E\ 0>(u)) d . 

/»cn 2 w . ( E &(u\) d . 

I —5- du = — J.—U + -^~ \ — — log sn u , 
J sn 2 u ( K 6{u) ) du to ' 

pdtfu j f / E\ 6>(u)) d . 

I -j-du = < ( 7</ 2 w) u — 77TT r ~ T- lo g sn M • 

•sn 2 w _ 1 ( E &(u)) 1 d . 

- du = „ ]-^«+ -777-7- }■ — : 7a 3- log cn u , 

r du F ( , u /_ J?\ 1 <9'(«)) 14-2F d . 

/Mn 2 w . ( /. £\ #(«)) d . 

/ — o-»w= 1 ( 1 jf ) « — 777-77 — r log cnM > 

t/ cn 2 u (\ K /. (w) ) du * 

J ^u du =^ u -¥¥\^- 1 ) u+ e^\ + ¥¥d-u lo ^ dnu ' 

Pctfu . ] (/_ E\ 6'(u)} Id, 

Jd^ du =^\i}-K) u --m\-Wd-u lo ^ dnu ' 

fl , 1 ( -E ' , 8>(u) 1 1 d 

/ 7~~7~ rfM = 775 1 "7F ** + 7777 y+TTT l°g dn W . 
*J dn 2 w fc' 3 ( jRT 6> («) j k 2 du & 

Of course the whole set of integrals might be given in terms of the @- 

functions only, by substituting for — logsnw, y- logcnw, -j- log dn« their 

die om> till 

values, but it is not worth while to write them down. It is not difficult to 
obtain the integrals of the quantities 

sn 2 u cn 2 u , cn 2 u dn 2 u , dn 2 u sn 2 u ; 

in fact it is obvious that they will all depend upon the integral 

/ sn 4 u du, 
and this can be shown to depend upon the integral of m*u. 
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The above reference to Mr. Grlaisher's paper was made from memory, but I 
find on referring to it that he remarks that the integral of —j- may be deduced 

SXX u 

from that of sn 2 u by the formula 

d? 1 
^-^ log sn u = 1$ sn 2 u 5- ; 

dw SITM 

he farther shows in general how the integral of sn" u may be obtained. I may 
perhaps be permitted to quote the last few lines of Mr. Grlaisher's paper, which 
bear directly upon this question. In connection with the formulae of reduction 

for / sn n u du, Mr. Grlaisher says: "We have 

1. ^ sn n u = u{u — 1) sn"- 2 w — w 2 (1 + ¥) sn n u + u(u + 1) W sn"+ 2 w . . . 

and by means of this formula the integral of sn™ u may be reduced to depend 

upon the integrals of sn u sn 2 w, , —5- according as u is positive and uneven, 

1 ° snw sirw 

positive and even, negative and uneven, negative and even. 

The integral of sn 2 u involves the function Z («)" f i. e. as above-^— - J ; 



"and the integral of ^-^ may be deduced from that of sn 2 « by the formula 

1 



sn 2 w 



2. -r-5 log sn u = W sn 2 u ■ 

du" sir u 

Corresponding to (1) and (2) there are eleven other pairs of formulae which 
involve the other, eleven functions in place of sn u, and differ from one another 
only in the ^-coefficients. It can thus be shown, that the integrals of the n tb 
powers of the twelve functions are all finitely expressible in terms of elliptic functions 
if u is uneven, and in terms of elliptic functions, and of ffie Zeta function if u is 
even ; and that the twelve formulae of reduction are similar in form and deducible 
from any one of them.' 1 ' 1 

The italics are my own. Mr. Grlaisher has given in his paper the values of 
the integrals of the group of twelve primary functions marked (C) in the above. 

It may be as well to work out the integral of sn 4 w, as by means .of it we 
can find at once the integrals of 

en 4 u , dn 4 u , sn 2 u , en 2 u , en 2 u dn 2 u , dn 2 u sv?u, &c. 
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Applying Mr. G-laisher's general formula for the second differential coeffi- 
cient of sn w u with respect to u we have 

~- 2 sn 2 u = 2 — 4 (1 + #) sn 2 u + W sn 4 u . 

From this on integration and reduction follows 

fsn* udu = gp-j [l + (1 +W) (l — ^)]«— -^ ^ + snw en « dn« j. 

This taken with the formula for t gtfu du serves at once for the reduction 
of / en 4 u du, I dn 4 u du, j sn 2 u en 2 u du , &c. 

For the integral of —, 5— it is not necessary to use the above formula, 

sir itcn'u J 

for multiplying this by sn 2 %k + en 2 u = 1 it reduces to the sum of the two 

integrals 

Ji* du /* du 

en 2 m «/ sn 2 u 

the values of which are given above ; on substituting these values we have 

*/o sn 3 m en 2 m — L A1 + AV J M ~#(^) Vf+Py 

F d . d . 

— , , 7 „ -=- log en t^ — log sn m en m 

1 + F dw ° dw ° 



or 



dw 
In like manner since, 



L x" u + *v J (») u -h f/ 

— -5- log sn u (en u) "i-t-* 2 • 



1 _ _1_ , F 
2 .. ~r 



sn 2 m dn 2 m sn 2 w dn 2 u 
we have *" 

du _ p, 1 — ^-^"l.. 1 — 2F 6^(m) 

Tfl d(u) 



J r du _ r _ 1 — - 2F ^-i _ 1 
sn 2 w dn 2 m ~~ L &' 3 iirJ 



+ l^ l0gdnW -| l0 S SnW 



or 
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\ — 2&E-\ 1 — 2*» &(u) 

' u- 



d *1 
r- log sn m (dn u) V« 



*™ 6* (u) 



and also since 



1 =1^ 



cn 2 wdn 2 w ^ 3 \cn 2 M dn 2 w 



) 



we have 

P du _ U r gn 1 1 + ^M 

^ocn 8 odn 2 « ^ 4 (1+F)L <- ^ ' ifJ # 4 l+*» 0(«) 

1 l + 2Fd. , 1 d . , 

—r T+W du l °z cnu + Y> du lo s dn u 

or 

— Jfc 4 (l + «?) L 1 ^ ^ * ' «■ J ifc' 4 1 + F #(«) 

1 + 2*' 

1 d (cnw)i + * 2 

~~ P da g dn~wT~ ' 

A further set not mentioned in Mr. Grlaisher's paper, nor in Prof. Cayley's 
Treatise, are the following three integrals 

Jfsnw 7 /* cnu , /* dnw 7 
= — du , / ; — du , / du 
o en u dn u vo sn w dn u t/o sn u en u 

or 



«/o a t/o a , »/o a 



^logsn M , ^ lo g c ™> ^ l0 S dnM 

/sn ?/ 
, C?M : 
en M dn « 

write snw = sc, then the integral is 

/adz 
1— x\l — iV' 



Make 



* + JL+ ^ + * 



1 — ic 2 . 1 — Fee 2 1 — a; l-\-x 1 — fee 1 + fee 
and we find at once 

A, B, 0, D=yji, — 2p ' 2F' 2p - 
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Substituting these values we have 

/xdx 1 1 — l$x>' 

l — a?.l—l<?3?~W g 1 — x* ' 

Keplacing x by its value gives 

J I* snti 7 1 , dnw 
„ ^ — rf«= ttj log , 
o en m an u Ar ° en w 

and similarly 

Ji* en m , , sn w 
rfW = lOg -r ) 
»sn(jdnu ° dnw 

Jf dm* , , enw 
dm = — log • 
o sn m en w °8nti 

From any two of these we obtain the third by addition. The similar inte- 
grals involving the squares of sum, ciim, dn u will involve the ©-functions. 
We have, viz : — 

P m*u _ J. /'/ 1 1 \ 

Jo en 2 u dn 2 u M 2 J \cn 2 w dn 2 uj 

Jf* cn 2 it _ /»/ 1 F \ 

o sn 2 u dn 2 m t/o \sn 2 u dn 2 w/ 

J — 5 r -rfw= /.(—J 1 »-)du. 
v sn'' m en'' u v» vjht it en" 5 u/ 

Substituting from the above values of these quantities, we find readily 

X c ^^^=-(i + p)|i-f) 2 [ i +^+ 2 ( 1 ~4) w ] + 

1 + 2*' J_ 

2 ^(w) 1 d , r 1+ftS &'H 

(i+F)(i-F) 2 ^M~i^^^ og L cnM dnM J 

Jf* cn 2 w _ r 17 0'(w)-j d , snw 

o sn 2 « dn 2 « ~" ~~ IK U + ~0(u)] + &a S dn^ 



v (enw) i+* 2 

Of course, one could go on and extend these integrals inde'finitely, but all 
subsequent forms would only depend upon those given in the above and in 
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Mr. Grlaisher's paper. It may be worth while, however, to give the formulae 
for the integration of the quantities 

sn" u cn' J u 

cn° u cur 3 u 

dn" u sn p u 

in the several cases where a and (3 are either both even, one even and the other 
odd, or both odd, *'. e. four cases in all for each of the three products. Suppose 
a and /3 both even, say a = 2n , (3 = 2m : 

Then 

sn 2w u av? n u = sn 2 " u (1 — sn 2 w) m . 

Again make a = 2w + 1 , /3 = 2wi : then 

sn 2w+1 w cn 2m u = sn 2M+1 « (1 — sn 2 u) m . 

Again make a = 2n , (3 = 2m + 1 : then 

sn 2 " u cn 2m+1 « = cn 2m+1 w (1 — en 2 uf. 

For these three cases we have 

1. jf sn 2 » u en 2 ™ u du = ^ (— )* m ( m ~ 1 )- - (« — * + 1 )^ > gn ^+, ) M ^ 

ft = 

2. £stf n + l u cn 2 » ttdi. = £ (-) ft m(m ~ 1} ' ' M {m ~ h + 1) f o mW+ n + i) u du 

k = 

3. f o m*"u cn^+'udu = ^(— ^ "^"^ ' - / ~, (w ~ ft + l) £<i^ h + m +»u du 



and for the case of both odd we have 

4. J o m* n+1 u cn 2m + 1 «4=> (— f — ' v 

/ sn 2(ft+w+i V cnu du , 
Bach term in (4) is of the form 

/ sn 2 - 7+1 « en u du ; 



72 Craig : Some Elliptic Function Formulae. 

this is 



= -WT»£(->' , ' (i ~ 1) "n"~' +1) A , '« <*( d »»> 



? = 



1 V" t viO'— !) • • -0'— l + l ) A n u+ 1 7 , 

u+vJL,^ ) .11(21+1) 



~ kW+vZ-/ K ' l\(2l+l) 

1 = 

Giving j the value that it has in (4), viz. 

j = 2h + 2n+ 1 
we have for the integral in the general term of (4) 

1 = 

and so 

4. ^sn 2 +1 u cn 2m+I u du 

V\ v (2& + 2n + l)(2ft + 2»). . .(2h + 2n-l + 2) 
2^{ )- 11(21 + 1) 



h = m 

Vl in(m — 1) . . . (m — h + 1) 
_ 

A = 



1 = 9 

By aid of the relations 

# 2 (1 + r J cn a «) = dn 2 w 



cn 2 u V 2 = — rr 

T" \ K" / K 



1 / dn 2 u\ _ 

T 2 " v *»/ ~~ 

we readily find the integrals of 

cn a tt dn^M 

for the various odd and even values of a and /?. These are 

h = m 

V. £ cn 2 * udtf m udu= tt 2m ^ OT(W ~ 1) '^, (m ~ /t + 1) * 2fe jf en 2 ( " + B) M ** ' 

h = 

h = m ' 

2'. £ztf n + 1 « dn 2 ™ u du = Z/ 2ra ^ m(m- 1) . „ (m — A + l) ^y ^ c » + „ M ^ ^ 
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3'. jf~P-.Jtf-*>.*.=(-)pj ; £(-)- '»- 1 »^,>-*+ 1 >j Carf». < h, 

4'. J; en 2 " + 1 u dn 2m + l u du = 



;»=o 



E m(m-1). . .( m -ft + l) y* v (2ft + 2ri + l)...(2ft + 2ft-!+2) _, l . l . 1 „ 
" hi ^ L* K > " 11(21+1) Sn U 



"(2*+l) 

fc=0 J = 

Again since 

sn 2 « = — (1 — dn 2 «) , 
we have 

h = m 

1". /dn 2 »« sn-« cfo = A i ^(-) ^( m - 1 ) • - (»-* + 1 ) j( , dii»^»« <to, 



7i=0 
7i = m 



ft=0 

B".f dn Zn u sn^u du = ^(-f n{n ~ 1) - '^ n ~ h + 1) ^m^ h +^»u du, 

h — m, 

4". /dn 2 »+^ sn 2 -+^ <fa = JL J2 (~) h m(m ~ 1) " A! (m ~ fe + 1) (- #»+»•+») 



ft = 



Z = 2A + 2« + l 

" ft + 2w + 

i!(a+"i) 



£* •(2& + ai+i) t . /; .(2& + ai-i+2) lM cn2J+1?f 



1 = 

The formulae 2, 3, 2', 3', 2", 3" might have been given in forms similar to 
4, 4', 4". For the integrations in these sets of equations we need only to 
employ the formulae 

d 2 
-^ sn" u = n (n — 1) sn"- a « — « 2 (1 + #) sn re «*-f- n (n + 1) #* sn TC + 2 w , 

— 2 cn n u = n(n — 1) IP cn"- 2 « + w 2 (# — A/ 2 ) cn n w — n (n + 1) fc 2 cn TC + 2 «, 

^ dn"w = — n (n— 1) A/ 2 dn*- 2 w + « 2 (1 + 7Z 2 ) dn*<w — n (n + 1) dn w + 2 «. 

VOL.V. 
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I have tried to find reasonably simple and symmetrical forms for the 
expansions of the right-hand members of the above equations, by grouping 
together all terms containing only elliptic functions, and all containing the 0- 
function, but, though I think such forms should exist, I have not been able to 
hit upon them. Another set of formulae might be found for the integrals of 

1 1 1 

sn" u en" u en" u dn" u dn? u sn" u 

sn" u en" u en" u dn" u dn" u sn" u 



dn* u sn* u en* u 

dn* m sn^ u en* u 



sn" u en" u en" u dn" u dn a u sn" u 
but they are easily deducible from the preceding and following forms. 

The formulae of integration for the several cases involved in the expression 

/ sn a 'u cn r w dn Y '-M du 

are very easily found ; there are in all 8 cases, viz. 

<*', ff, /, £', /, 

1. 2a, 2/3, 2y, 5. 2a + 1 , 2/3+1, 2y, 

2. 2a + 1 , 2/? , 2y , 6. 2a , 2/3 + 1 , 2y + 1 , 

3. 2a, 2/3+1, 2y, 7. 2a + 1 , 2,3, 2y + 1 , 

4. 2a, 2/3, 2y+l, 8. 2a + 1 , 2/3 + 1 , 2y + 1 . 

For brevity write 

It is very easy now to find the integral of sn"'u cd?'u dn y 'w for the above 
8 cases by aid of the relations 

1 — sn 2 u = en 2 u , 1 — 1& sn 2 u = dn 2 w , 1 — en 2 tt = sn 2 u 

^( 1 v«- J = en 2 m , 7</ 2 (1 + t 2 en 2 m) = dn 2 m , -p- (1 — dn 2 u) = sn 2 w 

where as above r* = — • The integrals are 

1. £sn* a u ca v u dn 2 *wdw = ^ Y^ (— )*+'[/? , A][y , l~\¥ l fstf<- h + l +°>u <ftt 

ft = J = 
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ft = 3 Z=y 

A=0 2 = 
h = a l=y 

S.£m*«u ctf^u dn^u du = ?^^^2(—f+i[a, K][y , t]r n 

ft=0 1=0 

J^cn^+t+t+^udu 



ft = ? = 

5. / o sn 2<I + 1 M cn 2 ^ 1 ™ dn 2 ^ efo* 



-/ yH-i 1 Y*W YH-i [«>*][JM] dn 2 > + '+*+*> M 
a=o i=o v t -r/ T2; 

h=0 1=0 

7./aa-+»« cn 2 ^dn 2 v + W« = -^g g(-)*[ a , A][ y , q^^J^± 



A = 2=0 



8.jTsu»"+ 1 tt cn 2 *+% dn»»+ 1 « <fa = ^ ^(-.y+'fft 7 t ][ y , Z]F 



2(A + J + a + l)' 

ft = J=0 



